We generalize the noncommutative quantum mechanics by promoting the θ parameter to an operator which is shown to be only momentum dependent. We introduce an angular momentum satisfying the usual algebra only if the θ field has a Dirac monopole structure in momentum space. This result can be related to recent experiments in condensed matter physics.
In this work, we generalize the quantum mechanics in non-commutative geometry by promoting the θ parameter to a new field obeying its own field equations. This field still need to be interpreted. The main results are that this θ field is only momentum dependent and that the requirement of the angular momentum algebra, that is the existence of an angular momentum, necessarily impose a Dirac monopole in momentum space field configuration.. For a constant θ field, although the angular momenta does not verify the sO(3) Algebra, we show that the quantum harmonic oscillator has a behavior similar to a particle in a constant magnetic field in commutative geometry, where θ has the property of a constant magnetic field. It is interesting to note that recent experiments in condensed matter physics have showed the existence of magnetic monopoles in momentum space in relation to the anomalous Hall effect [1] , which is itself related to noncommutative quantum mechanics [2] .
Consider a quantum particle of mass m which coordinates satisfy the deformed Heisenberg algebra
where θ ij is a field a priori position and momentum dependent and q θ is a charge characterizing the intensity of the interaction of the particle and the θ field.
The Jacobi identity:
shows that θ jk is x independent. The other Jacobi identity
gives the equation of motion of the field θ ∂θ jk (p)
From the standard definition of the angular momentum
we deduce the following commutation relations
showing in particular that the sO(3) Algebra is broken. Now consider the gauge transformation
that restore the usual canonical Heisenberg algebra
The second commutation relation shows that a θ is position independent, whereas the commutation relation between the positions gives the expression of θ in terms of the Abelian "gauge" field a θ
This expression is reminiscent of the usual relation between electromagnetic field and the vector potential in position space. Note that in terms of the canonical coordinates (X, p) the angular momentum algebra is obviously satisfied.
To look at the property of the θ field we first consider the constant case, which is the usual situation studied in the noncommutative approach in quantum mechanics. Consider the following Hamiltonian in the original coordinates (x, p):
which leads to
and to the equation of motion
which corresponds formally to an harmonic oscillator in an external magnetic field. From equation (12) we deduce a
q θ θ ij p j and the Hamiltonian can then be written:
The term h ij is a small deformation of order Θ 2 of the kinetic energy, whereas the third term in the Hamiltonian has the usual form of a paramagnetic interaction.
Let consider the angular momenta. As already said L satisfies the SO(3) Algebra but is not conserved:
But in the original (x, p) space the usual angular momentum L i (x, p) = ε i jk x j p k does not verify this algebra. So it seems that there is no rotation generator in the (x, p) space. We will now prove that a true angular momentum can be defined if θ is a non constant field.
In this case from the Hamiltonian (13) we have now:
} and dp i dt = −kx i , from which we can deduce the equation of motion. To restore the usual angular momentum algebra we use the transformation law
and require the usual algebra
The second equation implies the important property:
The third leads to :
Introducing this equation in the first law of (19) we find:
where g θ is a charge associated to the Θ field, so that
This is a quantity related to the angular momentum introduced by Poincaré [3, 4, 5] in the positions space. Then the generalized angular momentum
is a true angular momentum that satisfies the usual algebra. It can be shown that it is also conserved. One sees that (21) has the same form as the Dirac magnetic monopole [6] in position space. This is related to the duality of the commutation relations in noncommutative geometry where [
and the usual quantum mechanics where
. Note that in the presence of our monopole the Jacobi identity (4) fails:
One can interpret this by analogy with Jackiw's explanation of the breakdown of the Jacobi identity between velocities by the Dirac magnetic monopole in standard quantum mechanics [7] : the presence of the monopole in momentum space is related to the breaking of the translations group of momenta. As a consequence the addition law of momenta is different from the usual Galilean additional law of velocities. Indeed if we define the element of the translations group of momenta by
, we have the following relation
where Φ (p; b 1 , b 2 ) is the flux of Θ through a triangle with three tops located by the vectors :
This term is also responsible of the non-associativity of the additional law of momenta. The associativity is conserved if the following quantification equation is satisfied
leading to q θ g θ = nh 2
, in complete analogy with Dirac's quantization [7] .
By promoting the θ of the noncommutative quantum mechanics to a field we were able to introduce a angular momentum satisfying the usual Algebra if the Θ field is a monopole in momentum space. Very interesting new experiments in condensed matter physics show the existence of magnetic monopoles in momentum space [1] . Also recent theoretical work suggested that the magnetic monopoles in momentum space are closely related to the anomalous Hall effect [8] , whereas close relations between non commutative quantum mechanics and the fractional quantum Hall effect have been found [2] . The monopole in momentum space we have introduced has a different physical origin because it is a configuration of a hypothetical field whose physical interpretation is still lacking.
